On automorphic sheaves on Bun_G by Lysenko, Sergey
ar
X
iv
:m
at
h/
02
11
06
7v
3 
 [m
ath
.R
T]
  2
2 O
ct 
20
03
On automorphic sheaves on BunG
Sergey Lysenko
Abstract Let X be a smooth projective connected curve over an algebraically closed field
k of positive characteristic. Let G be a reductive group over k, γ be a dominant coweight
for G, and E be an ℓ-adic Gˇ-local system on X , where Gˇ denotes the Langlands dual group
(over Q¯ℓ). Let BunG be the moduli stack of G-bundles on X .
Under some conditions on the triple (G, γ,E) we propose a conjectural construction of a
distinguished E-Hecke automorphic sheaf on BunG. We are motivated by a construction of
automorphic forms suggested by Ginzburg, Rallis and Soudry in [6, 7]. We also generalize
Laumon’s theorem ([10], Theorem 4.1) for our setting. Finally, we formulate an analog of
the Vanishing Conjecture of Frenkel, Gaitsgory and Vilonen for Levi subgroups of G.
1. Introduction
Let F be a number field, A be its ring of adeles. If G is one of the groups SO2n+1, Sp2n or
SO2n then consider standard representation Gˇ→ Hˇ of the Langlands dual group Gˇ, so here H
is GL2n, GL2n+1 or GL2n respectively. For an irreducible, automorphic, cuspidal representation
τ of H(A) satisfying some additional conditions, D. Ginzburg, S. Rallis and D. Soudry have
proposed a conjectural construction of an irreducible, automorphic cuspidal representation σ of
G(A) which lifts to τ (cf., [6, 7]).
For example, consider G = SO2n+1. Let X be a smooth projective absolutely irreducible
curve over Fq. Consider the Langlands dual group Gˇ = Sp2n over Q¯ℓ. Let H = GL2n over Fq,
Hˇ = GL2n over Q¯ℓ. The standard representation V of Gˇ is a map Gˇ→ Hˇ = GL(V ).
Let E be an ℓ-adic Gˇ-local system on X, assume that VE is irreducible. According to [8],
theorem VII.6, irreducibility of VE implies that End(VE) is pure of weight zero. It follows that for
each closed point x ∈ X the local L-function L(Ex, gˇ, s) is regular at s = 1, and the corresponding
irreducible unramified representation of G(Fx) is generic. Here Fx denotes the completion of
Fq(X) at x, and gˇ = Lie Gˇ. An analog of D. Ginzburg, S. Rallis and D. Soudry’s conjecture for
function field is to predict that in the L-packet of automorphic forms corresponding to E there
exists a unique nonramified cuspidal generic form ϕE : BunG(Fq) → Q¯ℓ (cf. [7], Conjecture on
p. 809 and [6]).
In loc.cit. an additional condition is required: the L-function L(E,∧2V, s) has a pole of
order exactly one at s = 1. This condition is satisfied in our situation. Indeed, ∧2V = V ′ ⊕ Q¯ℓ,
where V ′ is an irreducible representation of Gˇ. Since V is self-dual, H0(X ⊗ F¯q, V
′
E) = 0 and the
L-function L(E,V ′, s) is a polynomial in q−s. The purity argument shows that L(E,V ′, 1) 6= 0.
In this paper we consider the problem of constructing a geometric counterpart of ϕE . Given
a reductive group G, a dominant coweight γ and a Gˇ-local system E on X, we impose on these
data some conditions similar to the above. Then we propose a conjectural construction of a
1
distinguished E-Hecke eigensheaf on the moduli stack BunG of G-bundles on X. Our approach
applies to root systems An, Bn, Cn for all n, Dn for odd n, and also E6, E7. For GLn our method
reduces to the one proposed by Laumon in [9].
The construction is exposed in Sect. 2, 3. In Sect. 4 we study the additional structure on Levi
subgroups induced by γ, and prove a generalization of Laumon’s theorem ([10], Theorem 4.1) for
our setting. We discuss its applications to cuspidality and formulate an analog of the Vanishing
Conjecture of Frenkel, Gaitsgory and Vilonen for Levi subgroups of G.
2. Statements and conjectures
2.1 Notation Throughout, k will denote an algebraically closed field of characteristic p > 0.
Let X be a smooth projective connected curve over k. Fix a prime ℓ 6= p. For a k-scheme (or
k-stack) S write D(S) for the bounded derived category of ℓ-adic e´tale sheaves on S.
Let G be a connected reductive group over k. Fix a Borel subgroup B ⊂ G. Let N ⊂ B be
its unipotent radical and T = B/N be the ”abstract” Cartan. Let Λ denote the coweight lattice.
The weight lattice is denoted by Λˇ. The semigroup of dominant coweights (resp., weights) is
denoted Λ+ (resp., Λˇ+). The set of vertices of the Dynkin diagram of G is denoted by I. To
each i ∈ I there corresponds a simple root αˇi and a simple coroot αi. By ρˇ ∈ Λˇ is denoted the
half sum of positive roots of G and by w0 the longest element of the Weil group W .
Let Λpos denote Z+-span of positive coroots. The set Λ
+ is equiped with the order ν1 ≤ ν2
iff ν2 − ν1 ∈ Λ
pos. Similarly, we have an order on Λˇ+.
To a dominant weight λˇ one attaches the Weil G-module V λˇ with a fixed highest weight
vector vλˇ ∈ V λˇ. For any pair λˇ, νˇ ∈ Λˇ+ there is a canonical map V λˇ+νˇ → V λˇ ⊗V νˇ sending vλˇ+νˇ
to vλˇ ⊗ vνˇ .
For λ ∈ Λ+ write V λ for the irreducible representation of Gˇ of highest weight λ.
The trivial G-bundle on a scheme is denoted by F0G. Recall that for any finite subfield k
′ ⊂ k
and any non-trivial character ψ : k′ → Q¯ℓ one can construct the Artin-Shrier sheaf Lψ on Ga,k.
The intersection cohomology sheaves are normalized to be pure of weight zero.
2.2 Additional data and assumptions We say that γ ∈ Λ+ is minuscule if γ is a minimal
element of Λ+ and γ 6= 0. If γ ∈ Λ+ is minuscule then, by (Lemma 1.1, [14]), for any root αˇ
we have 〈γ, αˇ〉 ∈ {0,±1}, and the set of weights of V γ coincides with the W -orbit of γ. For
example, if γ 6= 0 is orthogonal to all roots then γ is minuscule. One checks that the natural
map from the set of minuscule dominant coweights to π1(G) is injective.
Definition 1. We say that {γ} is a 1-admissible datum if the following conditions hold
• the center Z(G) is a connected 1-dimensional torus;
• π1(G)→˜Z;
• γ ∈ Λ+ is a minuscule dominant coweight whose image θ in π1(G) generates π1(G);
• V γ is a faithful representation of Gˇ.
2
Fix a 1-admissible datum γ. For k ≥ 0 set Λ+,kθG,S = {µ ∈ Λ
+ | µ ≤ kγ}. Let Λ+G,S be the
union of Λ+,kθG,S for k ≥ 0. Set
Λˇ+S = {λˇ ∈ Λˇ
+ | 〈w0(λ), λˇ〉 ≥ 0 for any λ ∈ Λ
+
G,S}
Let ωˇ0 be the generator of the group of weights orthogonal to all coroots, we fix ωˇ0 by requiring
〈θ, ωˇ0〉 = 1. For i ∈ I denote by ωˇi ∈ Λˇ
+ the fundamental weight corresponding to αi that
satisfies 〈w0(γ), ωˇi〉 = 0. Note that ωˇ0, ωˇi(i ∈ I) form a basis of Λˇ.
The following lemma is straightforward.
Lemma 1. The semigroup Λˇ+S is the Z+-span of ωˇ0, ωˇi(i ∈ I). Besides
Λ+G,S = {λ ∈ Λ
+ | 〈w0(λ), λˇ〉 ≥ 0 for all λˇ ∈ Λˇ
+
S } 
Since π1(G)→˜Z, it follows that [G,G] is simply-connected. Note that for µˇ ∈ Λˇ
+, λˇ ∈ Λˇ+S
the condition µˇ ≤ λˇ implies µˇ ∈ Λˇ+S . Note that {−w0(γ)} is also a 1-admissible datum.
Since V γ is faithful, the weights of V γ generate Λ and for each i ∈ I we have 〈γ, ωˇi〉 > 0.
For each maximal positive root αˇ we have 〈γ, αˇ〉 = 1. In particular, if the root system of G is
irreducible (so, nonempty) then γ is a fundamental coweight corresponding to some simple root.
Some examples of 1-admissible data are given in the appendix.
2.2.1 Consider the formal disk D = Spf(k[[t]]). Recall that the Affine Grassmanian GrG is
the ind-scheme classifying pairs (FG, β), where FG is a G-bundle on D and β : FG→˜F
0
G is a
trivialization over the punctured disk D∗ = Spec k((t)). Define the positive part Gr+G ⊂ GrG of
GrG as a closed subscheme given by the following condition:
FG ∈ Gr
+
G if for every λˇ ∈ Λˇ
+
S the map
βλˇ : V λˇFG |D∗→ V
λˇ
F0G
|D∗
is regular on D. Note that Gr+G is invariant under the natural action of G(k[[t]]).
Recall that for µ ∈ Λ+ one has the closed subscheme Gr
µ
G ⊂ GrG (cf. [2], sect. 3.2). One
checks that Gr
µ
G ⊂ Gr
+
G iff µ ∈ Λ
+
G,S. Let π
+
1 (G) ⊂ π1(G) be the image of Λ
+
G,S under the
projection Λ→ π1(G).
For ν ∈ π1(G) the connected component Gr
ν
G of GrG is given by the condition:
V ωˇ0
F0G
(−〈ν, ωˇ0〉) →˜V
ωˇ0
FG
For ν ∈ π1(G) set Gr
+,ν
G = Gr
+
G ∩Gr
ν
G.
2.3 Denote by BunG the moduli stack of G-bundles on X. Let H
+
G be the corresponding positive
part of the Hecke stack, it classifies collections: FG,F
′
G ∈ BunG, an effective divisor D on X,
an isomorphism β : FG |X−D →˜F
′
G |X−D such that for each λˇ ∈ Λˇ
+
S the map
βλˇ : V λˇFG →֒ V
λˇ
F ′G
3
extends to an inclusion of coherent sheaves on X, and V ωˇ0FG(D) →˜ V
ωˇ0
F ′G
. For k ≥ 0 let H+,kG ⊂ H
+
G
be given by degD = k.
2.4 Version of Laumon’s sheaf Given a local system W on X and d ≥ 0, one defines a
sheaf LdW on H
+,d
G as follows.
Let H˜+,dG be the stack of collections: (F
1
G, . . . ,F
d+1
G ) and (β
i, xi ∈ X)i=1,...,d, where F
i
G ∈
BunG and
βi : F iG |X−xi →˜F
i+1
G |X−xi
is an isomorphism such that (F iG,F
i+1
G , β
i, xi) ∈ H
+,1
G for i = 1, . . . , d.
Note that H˜+,dG is smooth, because γ is minuscule. We have a convolution diagram
H˜+,dG
s˜upp
→ Xd
↓ p ↓
H+,dG
supp
→ X(d)
where s˜upp (resp., p) sends the above collection to (x1, . . . , xd) (resp., to (F
1
G,F
d+1
G , β,D) with
D = x1+ . . .+xd. Let
rssX(d) ⊂ X(d) be the open subscheme classifying reduced divisors. Over
rssX(d), this diagram is cartesian.
The following proposition is an immediate corolary of (Lemma 9.3 [14]).
Proposition 1. The map p is representable proper surjective and small. 
Set SprdW = p!s˜upp
∗
W⊠d[m](m2 ) with m = dimH
+,d
G . This is a perverse sheaf, the Goresky-
MacPherson extension from supp−1(rssX(d)). It is equiped with a canonical action of Sd. Define
LdW to be the Sd-invariants of Spr
d
W . We have D(Spr
d
W )→˜Spr
d
W ∗ canonically and D(L
d
W )→˜L
d
W ∗.
We have a diagram
BunG
p
←H+G
q
→ BunG
where p (resp., q) sends (FG,F
′
G, β) to FG (resp., F
′
G). By (property 3, sect. 5.1.2 [2]), the
sheaf LdW is ULA with respect to both projections p and q.
Let r = dimV γ . For a partition µ = (µ1 ≥ . . . ≥ µr ≥ 0) of d define the polynomial functor
W 7→Wµ of a Q¯ℓ-vector space W by
Wµ = (W
⊗d ⊗ Uµ)
Sd ,
where Uµ stands for the irreducible representation of Sd corresponding to µ. For d > 0 let ℓ(µ)
be the greatest index i ≤ r such that µi 6= 0. For d = 0 let ℓ(µ) = 0. If ℓ(µ) is less or equal to
dimW then Wµ is the irreducible representation of GL(W ) with h.w. µ, otherwise it vanishes.
For ν ∈ Λ+ letAν denote the IC-sheaf on Gr
ν
. Recall that the category Sph(GrG) of spherical
perverse sheaves on GrG consists of direct sums of Aν , as ν ranges over the set of dominant
coweights. We have the Satake equivalence of tensor categories Loc : Rep(Gˇ) → Sph(GrG) (cf.
Theorem 3.2.8, [2]). In particular, we have Loc(V ν) = Aν .
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Consider a k-point (
∑
dkxk, F
′
G) ofX
(d)×BunG. The fibre of supp×q : H
+,d
G → X
(d)×BunG
over this point identifies with ∏
k
Gr
dkγ
G (1)
Set dG = dimBunG. The Satake equivalence yields the following description.
Proposition 2. For any local system W on X the restriction of LdW to the fibre (1) of supp×q
identifies with the exterior product (⊠kLk)[d+ dG](
d+dG
2 ), where each Lk is
Lk = ⊕
µ
Loc((V γ)µ)⊗ (Wxk)µ,
the sum being taken over the set of partitions of dk of length ≤ r. 
2.5 Given a local system W on X, for d ≥ 0 define a functor AvdW : D(BunG)→ D(BunG) by
AvdW (K) = q!(p
∗K ⊗ LdW )[−dG](
−dG
2
)
Let also Av−dW : D(BunG)→ D(BunG) be given by
Av−dW (K) = p!(q
∗K ⊗ LdW )[−dG](
−dG
2
)
The functors AvdW and Av
−d
W ∗ are both left and right adjoint to each other. As in (Proposition
9.5, [4]) one proves
Proposition 3. Let K be a Hecke eigensheaf on BunG with respect to a Gˇ-local system E. Then
for the diagram
BunG×X
(d) p×supp← H+,dG
q
→ BunG
and any local system W on X we have
(p× supp)!(q
∗K ⊗ LdW )[−dG](
−dG
2
)→˜K ⊠ (W ⊗ V γE )
(d)[d](
d
2
) 
2.6.1 For a T -torsor FT on X denote by Bun
FT
N the stack of collections (FG, κ), where FG ∈
BunG and for λˇ ∈ Λˇ
+
κλˇ : LλˇFT →֒ V
λˇ
FG
are inclusions of coherent sheaves on X satisfying Plu¨cker relations (as in [3], section 2.1.2).
The open substack j : BunFTN →֒ Bun
FT
N is given by the condition that all κ
λˇ are maximal
embeddings.
Consider the stack of pairs (FT , ω˜), where FT is a T -torsor on X and ω˜ is a trivial conductor,
that is, ω˜ is a collection of isomorphisms ω˜i : L
αˇi
FT
→˜Ω for each i ∈ I. The exact sequence
1 → Z(G) → T →
∏
i∈I Gm → 1, where the second map is
∏
i∈I αˇi, shows that this stack is
noncanonically isomorphic to BunZ(G) (recall that by our assumption Z(G) is connected).
Fix a section T → B. Then for each pair (FT , ω˜) we have the evaluation map ev
ω˜ : BunFTN →
A1 (cf. [3], section 4.1.1). Fix a T -torsor on X with a trivial conductor (FT , ω˜).
5
Remark 1. If (F ′T , ω˜
′) is another T -torsor with trivial conductor on X then there exists a Z(G)-
torsor FZ(G) on X and an isomorphism FT ⊗ FZ(G)→˜F
′
T with the following property. Let
BunFTN → Bun
F ′T
N be the isomorphism that sends FB to (FB × FZ(G))/Z(G), where Z(G) acts
diagonally. Then the diagram commutes
BunFTN →˜ Bun
F ′T
N
ց evω˜ ↓ evω˜′
A1
2.6.2 For d ≥ 0 let Yd be the stack of collections (FG,D ∈ X
(d), κ), where (FG, κ) ∈ Bun
F ′T
N
with F ′T = FT (w0(γ)D). So, for each λˇ ∈ Λˇ
+
S we have an embedding of coherent sheaves
κλˇ : LλˇFT →֒ V
λˇ
FG ,
and κωˇ0 induces an isomorphism Lωˇ0FT (D) →˜V
ωˇ0
FG
.
Let 0Yd ⊂ Yd denote the open substack given by the condition (FG, κ) ∈ Bun
F ′T
N .
Consider the fibred product Yd ×BunG H
+,k
G , where the map H
+,k
G → BunG is p. For k ≥ 0
we have a proper representable map
qY : Yd ×BunG H
+,k
G → Yd+k
that sends (FG, κ,F
′
G, β : FG |X−D′ →˜F
′
G |X−D′) to (F
′
G, κ
′), where κ′λˇ are the compositions
LλˇFT
κλˇ
→֒ V λˇFG →֒ V
λˇ
F ′G
Given a local system W on X, define the sheaf PdW,ψ on Yd as follows. Consider the open
immersion j : BunFTN → Bun
FT
N →˜Y0. Set
P0W,ψ = P
0
ψ = j!(ev
ω˜)∗Lψ[dN ](
dN
2
),
where dN = dimBun
FT
N . By (Theorem 2, [3]), this is a perverse sheaf and D(P
0
ψ)→˜P
0
ψ−1 . For
d > 0 set
PdW,ψ = qY !(P
0
ψ ⊠ L
d
W )[−dG](
−dG
2
)
It is easy to see that Q¯ℓ ⊠ L
d
W is ULA with respect to the projection Y0 ×BunG H
d,+
G → Y0. So,
by (property 5, sect. 5.1.2 [2]),
D(P0ψ ⊠ L
d
W )[−dG](
−dG
2
)) →˜ P0ψ−1 ⊠ L
d
W ∗[−dG](
−dG
2
)
Therefore, D(PdW,ψ) →˜P
d
W ∗,ψ−1 canonically.
Let rssYd ⊂ 0Yd be the preimage of
rssX(d) under the projection 0Yd → X
(d).
6
Proposition 4. For any local system W on X, PdW,ψ is a perverse sheaf on Yd, the Goresky-
MacPherson extension from rssYd. If W is irreducible then P
d
W,ψ is irreducible.
The proof is found in Section 3.2.
2.7 Let π0 : BunFTN → BunG be the projection.
Definition 2. Let K be a E-Hecke eigensheaf on BunG, where E is a Gˇ-local system on X. We
say that K is generic normalized if it is equiped with an isomorphism
RΓc(Bun
FT
N , P
0
ψ ⊗ π
0∗K) →˜ Q¯ℓ[dG](
dG
2
)
By Remark 1, this property does not depend (up to a tensoring K by a 1-dimensional vector
space) on our choice of the pair (FT , ω˜).
Write BundG for the connected component of BunG given by degFG = degFT + dθ. Let
π : Yd → Bun
d
G and φ : Yd → X
(d) be the projections. From Proposition 3 one derives
Corolary 1. Let K be a generic normalized E-Hecke eigensheaf on BunG. Let W be any local
system on X. Then for each d ≥ 0 one has
φ!(π
∗K ⊗ PdW,ψ) →˜ (W ⊗ V
γ
E )
(d)[d+ dG](
d+ dG
2
) 
For a Gˇ-local system E pick a Gˇ-local system E∗ such that V λˇE∗ →˜ (V
λˇ
E )
∗ for all λˇ ∈ Λˇ+.
Let K be a E-Hecke eigensheaf then DK is a E∗-Hecke eigensheaf. Assume that DK is generic
normalized then from Corolary 1 we get an isomorphism
φ!(π
∗(DK)⊗ PdW,ψ) →˜ (W ⊗ V
γ
E∗)
(d)[d+ dG](
d+ dG
2
)
By adjunction, it yields a nonzero map
DK → π∗RHom(P
d
W,ψ, φ
!(W ⊗ V γE∗)
(d))[d+ dG](
d+ dG
2
)
Dualizing, we see that this is equivalent to providing a nonzero map
π!(P
d
W,ψ ⊗ φ
∗(W ∗ ⊗ V γE )
(d))→ K[dG − d](
dG − d
2
) (2)
Set W = V γE , so we have a canonical map Q¯ℓ → (W
∗ ⊗ V γE )
(d) on X(d). Composing with (2) we
get a morphism
π!P
d
W,ψ → K[dG − d](
dG − d
2
) (3)
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Conjecture 1 (geometric Langlands). Let E be a Gˇ-local system on X. Assume that W =
V γE is irreducible and satisfies the condition
(A) If E′ is a Gˇ-local system on X such that V γE′ →˜V
γ
E then E
′ →˜E.
Then there exists N > 0 and for each d ≥ N a nonempty open substack Ud ⊂ Bun
d
G with the
following property. There exists a E-Hecke eigensheaf K on BunG such that
• both K and DK are generic normalized;
• for d ≥ N the complex π!P
d
W,ψ |Ud is placed in perverse degrees ≤ d− dG, and the map (3)
induces an isomorphism
Hd−dG(π!P
d
W,ψ) →˜ K |Ud
on the top perverse cohomology sheaves;
• K is an irreducible perverse sheaf over each BundG, which does not vanish over Ud.
Remarks . i) The sheaf K from Conjecture 1 is unique up to an isomorphism if it exists.
ii) For any local system W on X we have π!P
d
W,ψ →˜ Av
d
W (π!P
0
ψ) naturally.
2.8 Informal motivation If the ground field k was finite then according to Langlands’
spectral decomposition theorem ([13]), each function from L2(BunG(k)) would be written as
linear combination (more precisely, a direct integral) of Hecke eigenfunctions.
Conjecturally, some version of spectral decomposition should exist for the derived category
D(BunG) itself. We also have an analog of the scalar product of two objects K1,K2 ∈ D(BunG),
which is the cohomology RΓc(BunG,K1 ⊗ D(K2)) (we ignore here all convergence questions).
Let E be a Gˇ-local system on X satisfying the assumptions of Conjecture 1. One may hope
that to E is associated a E-Hecke eigensheaf K, which is unique in appropriate sense.
Since K is expected to be generic normalized, the ”scalar product” of π!P
0
ψ and K should
equal ”one”. That is, K should appear in the spectral decomposition of π!P
0
ψ with multiplicity
one. By Proposition 3, the functor AvdW applied to π!P
0
ψ with d large enough, will kill all the
terms in the spectral decomposition of π!P
0
ψ except K itself. So, roughly speaking, Av
d
W (π!P
0
ψ)
should equal K tensored by some constant complex.
2.9 Stratifications For µ ∈ Λpos denote by Xµ the moduli scheme of Λpos-valued divisors
of degree µ. If µ =
∑
i∈I aiαi then X
µ =
∏
i∈I X
(ai).
For D ∈ X(d) consider F ′T = FT (w0(γ)D). The stack Yd is the stack of pairs: D ∈ X
(d) and
a point (FG, κ) ∈ Bun
F ′T
N . Recall that Bun
F ′T
N is stratified by locally closed substacks µ Bun
F ′T
N
indexed by µ ∈ Λpos. Namely, (FG, κ) lies in µ Bun
F ′T
N iff there exists a divisor D
pos ∈ Xµ such
that for all λˇ ∈ Λˇ+ the meromorphic maps
LλˇF ′T
(〈Dpos, λˇ〉)→ V λˇFG
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are regular everywhere and maximal. We have a projection
µ Bun
F ′T
N → X
µ
whose fibre over Dpos is isomorphic to BunF˜TN , where F˜T →˜ FT (w0(γ)D +D
pos).
Denote by µYd ⊂ Yd the locally closed substack given by (FG, κ) ∈ µ Bun
F ′T
N . Let
φµ : µYd → X
(d) ×Xµ
be the projection. Let Xd,µ ⊂ X(d) × Xµ be the closed subscheme given by the condition:
γD+w0(D
pos) is dominant. This condition ensures that the maps ω˜i : L
αˇi
F˜T
→ Ω are regular for
all i ∈ I. Let µY
+
d ⊂ µYd be the preimage of X
d,µ under φµ. So, we have the evaluation map
evµ : µY
+
d → A
1
Note that if (D,Dpos) ∈ Xd,µ then γD + w0(D
pos) is a Λ+G,S-valued divisor of degree dγ +
w0(µ). In this way X
d,µ is the moduli scheme of Λ+G,S-valued divisors on X of degree dγ+w0(µ).
2.10 For any local system W on X let P˜dW,ψ be the complex obtained by replacing in the
definition of PdW,ψ Laumon’s sheaf by Springer’s sheaf
P˜dW,ψ = qY !(P
0
ψ ⊠ Spr
d
W )[−dG](
−dG
2
)
Proposition 5. 1) For each µ ∈ Λpos the restriction of P˜dW,ψ to µYd is supported by µY
+
d and
is isomorphic to
φµ∗W˜ d,µ ⊗ ev∗µ Lψ ⊗ (Q¯ℓ(
1
2
)[1])⊗d+dN+〈γd−µ, 2ρˇ〉
for some sheaf W˜ d,µ on Xd,µ. Here W˜ d,µ is placed in usual degree zero. Let W d,µ denote the
corresponding sheaves for PdW,ψ.
2) If (D =
∑
dkxk, D
pos =
∑
µkxk) is a k-point of X
d,µ then the fibre of W d,µ at this point is
the tensor product over all xk
⊗
k
(⊕
ν
Hom(V dkγ+w0(µk), (V γ)ν)⊗ (Wxk)ν),
the inside sum being taken over partitions ν of dk of length ≤ r.
The proof is found in Section 3.1. Proposition 5 together with Corolary 1 suggest the
following conjecture.
Conjecture 2. Let D =
∑
λkxk be a divisor on X with λk dominant coweights, let λ be the
degree of D. Denote by a : BunF˜TN → BunG the projection, where F˜T = FT (w0(D)). Let
evλ : Bun
F˜T
N → A
1 be the evaluation map given by the conductor data. Let E be a Gˇ-local
system on X, K be a generic normalzed E-Hecke eigensheaf on BunG. Then
RΓc(Bun
F˜T
N , a
∗K ⊗ ev∗λ Lψ)⊗ (Q¯ℓ(
1
2
)[1])dN−dG+〈λ,2ρˇ〉 →˜ ⊗
k
(V λkE )xk
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2.11 Consider the diagram
Yd ×X
pY×supp
← Yd ×BunG H
+,1
G
qY
→ Yd+1
where pY : Yd×BunGH
+,1
G → Yd is the projection. For any local system W on X define a natural
map
(pY × supp)!q
∗
YP
d+1
W,ψ ⊗ Q¯ℓ(
1
2
)[1]⊗〈γ,2ρˇ〉 → PdW,ψ ⊠W ⊗ Q¯ℓ(
1
2
)[1] (4)
as follows. Consider the diagram
H˜+,dG ×BunG H
+,1
G →˜ H˜
+, d+1
G
↓ p×id ↓ p
H+,dG ×BunG H
+,1
G
conv
→ H+, d+1G
Clearly, Ld+1W is a direct summand of conv!(L
d
W⊠supp
∗W )⊗Q¯ℓ(
1
2 )[1]
⊗1+〈γ,2ρˇ〉. From the diagram
Y0 ×BunG H
+,d
G ×BunG H
+,1
G
id× conv
→ Y0 ×BunG H
+,d+1
G
↓ ↓
Yd ×BunG H
+,1
G
qY
→ Yd+1
we see that Pd+1W,ψ is a direct summand of
qY∗(P
d
W,ψ ⊠ supp
∗W )⊗ Q¯ℓ(
1
2
)[1]⊗1+〈γ,2ρˇ〉
This yields a morphism
q∗YP
d+1
W,ψ → (P
d
W,ψ ⊠ supp
∗W )⊗ Q¯ℓ(
1
2
)[1]⊗1+〈γ,2ρˇ〉
Since pY × supp : Yd ×BunG H
+,1
G → Yd × X is smooth of relative dimension 〈γ, 2ρˇ〉, we get a
map
q∗YP
d+1
W,ψ → (pY × supp)
!(PdW,ψ ⊠W )⊗ Q¯ℓ(
1
2
)[1]⊗1−〈γ,2ρˇ〉
and, by adjunction, the desired map (4).
Proposition 6. 1) The complex
(pY × supp)!q
∗
YP
d+1
W,ψ ⊗ Q¯ℓ(
1
2
)[1]⊗〈γ,2ρˇ〉 (5)
is placed in perverse degrees ≤ 0.
2) For any µ ∈ Λpos, the restriction of (5) to µYd×X is supported by µY
+
d ×X and is isomorphic
to the tensor product of
ev∗µ Lψ ⊗ (Q¯ℓ(
1
2
)[1])⊗d+1+dN+〈γd−µ, 2ρˇ〉
with some sheaves W d,µ0 coming from X
d,µ ×X. Here W d,µ0 is placed in usual degree zero.
10
The proof is given in Section 3.3
Remarks . i) One may show that for any µ ∈ Λpos the restriction of (4) to µYd×X comes from
a morphism of sheaves W d,µ0 →W
d,µ
⊠W on Xd,µ×X. The latter map is an isomorphism over
the open substack of Xd,µ×X classifying triples (D,Dpos, x) such that x does not appear in D.
Therefore, (4) is an isomorphism over the locus of (F , κ,D, x) ∈ Yd ×X such that x does not
appear in D.
ii) In the situation of Conjecture 1 we expect that the map (4) yields the Hecke property
of K corresponding to the coweight γ. Moreover, it should also yield the Hecke properties
corresponding to all λ ∈ Λ+G,S (as it indeed happens for GLn). Define the Hecke functor HY :
D(Yd+1)→ D(Yd ×X) by
HY(F ) = (pY × supp)!q
∗
YF ⊗ Q¯ℓ(
1
2
)[1]⊗〈γ,2ρˇ〉
Note that the cohomological shifts in the definition of the Hecke functor H : D(Bund+1G ) →
D(BundG×X) corresponding to γ and HY differ by one! So, the Hecke property of K can not be
simply the push-forward of (4) with respect to π : Yd → BunG.
2.12 Let ω be a generator of the group of coweights orthogonal to all roots. Since the image of
ω in π1(G) is not zero, we assume that this image equals dωθ for some dω > 0. Since dωγ − ω
is dominant, we have dωγ − ω ∈ Λ
pos and ω ∈ Λ+G,S . Consider the map q
ω : BunG×X → BunG
sending (FG, x) to F
′
G, where F
′
G and FG are identified over X − x and
V λˇFG(〈ω, λˇ〉x) →˜ V
λˇ
F ′G
for each λˇ ∈ Λˇ+. Let also
qωY : Yd ×X → Yd+dω
be the map sending (FG, κ, x) to (F
′
G, κ
′), where F ′G = q
ω(FG, x) and κ
′λˇ is the composition
LλˇFT
κλˇ
→֒ V λˇFG →֒ V
λˇ
F ′G
for all λˇ ∈ Λˇ+S . Let E be a Gˇ-local system on X and set W = V
γ
E . Then there is a natural map
(qωY )
∗Pd+dωW,ψ ⊗ Q¯ℓ(
1
2
)[1]⊗1−dω → PdW,ψ ⊠ V
ω
E ⊗ Q¯ℓ(
1
2
)[1] (6)
This is not an isomorphism in general, and one may show that the LHS of (6) is placed in
perverse degrees ≤ 0.
2.13Whittaker sheaves Let K(Yd) denote the Grothendieck ring of the triangulated category
D(Yd).
To each Gˇ-local system E on X and d ≥ 0 we attach the Whittaker sheaf WdE,ψ ∈ K(Yd)
defined as follows.
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Let µ ∈ Λpos be such that dγ + w0(µ) is dominant. Let τ be a partition of dγ + w0(µ),
that is, a way to write dγ + w0(µ) =
∑
i niλi with λi ∈ Λ
+
G,S pairwise different and ni > 0. Let
τX ⊂
∏
iX
(ni) be the complement to all diagonals. We consider τX ⊂ Xd,µ as the locally-closed
subscheme classifying divisors
∑
k λkxk of degree dγ + w0(µ) with xk ∈ X pairwise different.
Let τE denote the restriction of
⊠
i
(V λiE )
(ni)
under τX →֒
∏
iX
(ni). Let τY ⊂ µY
+
d be the preimage of
τX under φµ : µY
+
d → X
d,µ.
Definition 3. Set WdE,ψ ∈ K(Yd) to be the (unique) complex with the following properties. Its
∗-restriction to each stratum µYd is supported by µY
+
d . If dγ + w0(µ) is dominant then for any
partition τ of dγ +w0(µ) the ∗-restriction of W
d
E,ψ to
τY is
φµ∗(τE)⊗ ev∗µ Lψ ⊗ Q¯ℓ(
1
2
)[1]⊗d+dN+〈dγ−µ,2ρˇ〉
The sheaf WdE,ψ should satisfy the Hecke property, in particular we suggest
Conjecture 3. Recall the diagram (cf. Sect. 2.11)
Yd ×X
pY×supp
← Yd ×BunG H
+,1
G
qY
→ Yd+1
There is a canonical isomorphism in the Grothendieck ring K(Yd ×X)
(pY × supp)!q
∗
YW
d+1
E,ψ ⊗ Q¯ℓ(
1
2
)[1]⊗〈γ,2ρˇ〉 →WdE,ψ ⊠ V
γ
E ⊗ Q¯ℓ(
1
2
)[1]
2.13.1 We don’t know if Λ+G,S is a free semigroup in general, however this is the case for our
examples GLn,GSp2n,GSpin2n+1 (cf. appendix).
Assuming that Λ+G,S is a free semigroup, we can describeW
d
E,ψ more precisely, namely ”glue”
the pieces on the strata τY to get a sheaf on µY
+
d . To do so, we will glue the sheaves
τE to get
a constructible sheaf AEd,µ on Xd,µ (here ‘A’ stands for ‘automorphic’).
Let λ1, . . . , λm be free generators of Λ
+
G,S thus yielding Λ
+
G,S →˜ (Z+)
m. Given d ≥ 0 and
µ ∈ Λpos with dγ + w0(µ) =
∑m
i=1 aiλi dominant, we get
Xd,µ →˜
m∏
i=1
X(ai)
Consider the sheaf
m
⊠
i=1
(V λiE )
(ai) (7)
on Xd,µ. Let D =
∑
k νkxk be a k-point of X
d,µ, where xk are pairwise different and νk ∈ Λ
+
G,S.
Write νk =
∑m
i=1 ai,kλi for each k. The fibre of (7) at D is
⊗xk ⊗
m
i=1 Sym
ai,k(V λiE )xk
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There is (a unique up to a nonzero multiple) inclusion of Gˇ-modules V νk →֒ ⊗mi=1 Sym
ai,k(V λi).
This yields a map
⊗xk(V
νk
E )xk →֒ ⊗xk ⊗
m
i=1 Sym
ai,k(V λiE )xk (8)
The following is borrowed from [12].
Proposition 7. Assume that Λ+G,S is a free semigroup. There is a unique constructible subsheaf
AEd,µ ⊂
m
⊠
i=1
(V λiE )
(ai) whose fibre at any k-point D =
∑
k νkxk of X
d,µ is the image of (8). 
3. Some proofs
3.1 Recall that GrG is stratified by locally closed ind-subschemes S
µ indexed by all coweights
µ ∈ Λ. Informally, Sµ is the N(Kˆ)-orbit of the point µ(t) ∈ GrG, where Kˆ = k((t)). We refer
the reader to [3], Section 7.1 for the precise definition.
Recall the following notion from loc.cit., section 7.1.4. Set Oˆ = k[[t]]. Let Ωˆ denote the
completed module of relative differentials of Oˆ over k (so, Ωˆ is a free Oˆ-module generated by
dt). Given a coweight η ∈ Λ and isomorphisms
si : Oˆ(〈η, αˇi〉) →˜ Ωˆ
for each i ∈ I, one defines an admissible character χη : N(Kˆ)→ Ga of conductor η as the sum
χη =
∑
i∈I χ
i, where χi : N(Kˆ)→ Ga is the composition
N(Kˆ)→ N/[N,N ](Kˆ)
ui→ Ga(Kˆ)
si→ Ωˆ(Kˆ)
Res
→ Ga
Here ui : N/[N,N ] → Ga is the natural coordinate corresponding to the simple root αˇi. By
(loc.cit., Lemma 7.1.5), for ν ∈ Λ there exists a (N(Kˆ), χη)-equivariant function χ
ν
η : S
ν → A1
if and only if ν + η ∈ Λ+. In the latter case this function is unique up to an additive constant.
Proof of Proposition 5 Let (
∑
dkxk, FG) be a k-point of X
(d) × BunG. The fibre of supp×q :
H+,dG → X
(d) × BunG over this point identifies with∏
k
Gr
dkγ
G
The restriction of SprdW to this fibre is the tensor product of (⊗k(W
⊗dk
xk
))[d+ dG](
d+dG
2 ) with
⊠
k
( ⊕
ν≤dkγ
Aν ⊗ Vν,k)
where the inside sum is taken over dominant coweights ν ∈ Λ+ such that ν ≤ dkγ, and Vν,k are
some vector spaces. Let
0qY : Bun
FT
N ×BunGH
+,d
G → Yd
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denote the restriction of qY to the open substack Bun
FT
N ×BunGH
+,d
G ⊂ Y0 ×BunG H
+,d
G .
Fix a k-point y ∈ Yd, it is given by (D =
∑
dkxk, D
pos =
∑
µkxk, FG, κ) such that xk are
pairwise different (and some of dk may be zero). Let Ky denote the fibre at y of
0qY !(ev
∗Lψ ⊠ Spr
d
W )[dN − dG](
dN − dG
2
)
The fibre of 0qY over y identifies with∏
k
Sw0(γ)dk+µk ∩Gr
dkγ
G
For each k set νk = −w0(γ)dk − µk. An equivariance argument (as in [3], Lemma 6.2.8) shows
that Ky vanishes unless all νk are dominant.
By (Lemma 7.2.7(2), [3]) the restriction of the map
BunFTN ×BunGH
+,d
G → Bun
FT
N
ev
→ A1
to (0qY)
−1(y) becomes the sum over all k of
χ−νkνk : S
−νk ∩Gr
dkγ → A1
plus evµ(FG, κ,D,D
pos) ∈ A1. By (Theorem 1, [3]), for any ν ∈ Λ+ such that ν ≤ dkγ the
complex
RΓc(S
−νk ∩Gr
dkγ ,Aν ⊗ (χ
−νk
νk
)∗Lψ)
vanishes unless ν = −w0(νk). In the latter case, it is canonically Q¯ℓ[〈νk, 2ρˇ〉](〈νk, ρˇ〉).
The above equivariance argument shows also that the restriction of P˜dW,ψ to µY
+
d , after
tensoring by ev∗µ Lψ−1 , descends with respect to the projection µY
+
d → X
d,µ. Combining this
with Proposition 2, one finishes the proof of Proposition 5. 
The above proof combined with (Proposition 3.2.6, [2]) also gives the following
Corolary 2. Over the open substack 0Yd ⊂ Yd, the map
0qY : Bun
FT
N ×BunGH
+,d
G → Yd is an
isomorphism.
3.2 In this subsection we prove Proposition 4.
Given a pair d ≥ 0, µ ∈ Λpos such that dγ+w0(µ) is dominant, a partition τ of dγ+ω0(µ) is a
presentation of dγ+ω0(µ) as a sum of nonzero elements from Λ
+
G,S , that is,
∑
k(dkγ+ω0(µk)) =
dγ + ω0(µ) with dk ≥ 0, µk ∈ Λ
pos and dkγ + ω0(µk) dominant for all k.
Given a partition τ of dγ + ω0(µ), consider the locally closed subscheme
τX ⊂ Xd,µ, which
is the moduli scheme of divisors
∑
k(dkγ + ω0(µk))xk with xk pairwise different. Given τ , if k
runs through the set consisting of m elements then dim τX = m. Clearly, the schemes τX form
a stratification of Xd,µ.
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Let τY ⊂ µY
+
d be the preimage of
τX in µY
+
d . Suppose that τ is of length m, that is,
dim τX = m. Then from (Lemma 7.2.4, [3]) it follows that
dim τY = m+ dN + 〈γd− µ, 2ρˇ〉
In particular, we have dimYd = d + dN + 〈dγ, 2ρˇ〉. Now from Proposition 5, we learn that the
restriction of P˜dW,ψ to
τY is placed in perverse degrees ≤ 0. Moreover, the inequality is strict
unless µ = 0 and m = d. Since P˜dW,ψ is self-dual (up to replacing W by W
∗ and ψ by ψ−1), our
assertion follows. 
Remarks . i) As a corolary, note that the restriction of PdW,ψ to 0Yd identifies canonically with
φ0∗W (d) ⊗ ev∗0 Lψ ⊗ (Q¯ℓ(
1
2
)[1])⊗d+dN+〈γd, 2ρˇ〉
ii) For each pair d ≥ 0, µ ∈ Λpos such that dγ +w0(µ) is dominant, the projection X
d,µ → X(d)
is a finite morphism. Let W and W ′ be any local systems on X. Then the complex
φ!(P
d
W,ψ ⊗ P
d
W ′,ψ−1) (9)
is placed in usual cohomological degree −2d. This is seen by calculating this direct image with
respect to the stratification of Yd by µYd. For G = GLn the complex (9) is a Rankin-Selberg
integral considered in [11].
3.3 In this subsection we prove Proposition 6.
Lemma 2. Let λ ∈ Λ+, µ ∈ Λ. Let w ∈ W be any element of the Weil group such that
µ+ wλ ∈ Λ+. The function χwλµ : S
wλ → A1 is constant on Swλ ∩Gr
λ
if and only if µ ∈ Λ+.
Proof This follows from the description of Swλ ∩Gr
λ
given in ([14], Lemma 5.2). 
Proof of Proposition 6 The fibre of p × supp : H+,1G → BunG×X over a k-point (FG, x) is
identified with Gr
−w0(γ)
G . This fibre is stratified by the subschemes
S−w0w(γ) ∩Gr
−w0(γ)
G (10)
indexed by w(γ) ∈Wγ. By ([14], Lemma 5.2), (10) is an affine space of dimension 〈γ+w(γ), ρˇ〉.
Consider a k-point of µYd given by (FG, κ,D,D
pos). Let (FG,F
′
G, β, x ∈ X) ∈ H
+,1
G cor-
respond to a point of S−w0w(γ) ∩ Gr
−w0(γ)
G for some w(γ) ∈ Wγ. The image of this collection
under the map
qY : Yd ×BunG H
+,1
G → Yd+1
is the point of µ′Yd+1 given by
(F ′G, κ
′,D + x,Dpos + w0w(γ)x − w0(γ)x)
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with µ′ = µ+w0w(γ)−w0(γ). If γD+w0(D
pos)+w(γ)x is not dominant then, by Proposition 5,
the stratum (10) does not contribute to the direct image (5).
Assume γD + w0(D
pos) + w(γ)x dominant. Let dx ∈ Z+ (resp, µx ∈ Λ
pos) denote the
miltimplicity of x in D (resp., in Dpos). Then the restriction of evµ′ ◦qY to the stratum (10)
is (N(Kˆ), χν)-equivariant for some admissible character χν : N(Kˆ) → Ga of conductor ν =
−w0(γ)dx−µx. If ν is dominant then this restriction is constant and equals evµ(FG, κ,D,D
pos).
If ν is not dominant then, by Lemma 2, the stratum (10) does not contribute to the direct image
(5), because RΓc(A
1,Lψ) = 0.
We conclude that the restriction of (5) to µYd × X vanishes outside the closed substack
µY
+
d ×X, and is isomorphic to
F [d+ 1 + dN + 〈γd− µ, 2ρˇ〉]
for some sheaf F on µY
+
d × X placed in usual degree zero. An equivariance argument (as in
the proof of Proposition 5) assures that F ⊗ ev∗µ Lψ−1 descends with respect to the projection
µY
+
d ×X → X
d,µ ×X.
Since dim(µY
+
d ) ≤ d + dN + 〈γd − µ, 2ρˇ〉 for any µ ∈ Λ
pos, the complex (5) is placed in
perverse degrees ≤ 0. Proposition 6 is proved. 
4. Additional structure on Levi subgroups
4.1 Throughout this section, we fix a standard parabolic subgroup P ⊂ G corresponding to a
subset IM ⊂ I. Let ΛG,P be the quotient of Λ by the Z-span of αi, i ∈ IM . Let
ΛˇG,P = {λˇ ∈ Λˇ | 〈αi, λˇ〉 = 0 for i ∈ IM}
be the dual lattice. Let U(P ) be the unipotent radical of P and M = P/U(P ). Write Λ+M ⊂ Λ
for the semigroup of dominant coweights for M , and wM0 for the longuest element of the Weil
group WM of M . The irreducible Mˇ -module of h.w. λ is denoted U
λ. Fix a section M → P of
the projection P →M .
Definition 4. Set Λ+M,S = {λ ∈ Λ
+
M | there exists w ∈ W such that wλ ∈ Λ
+
G,S}. Let π
+
1 (M) ⊂
π1(M) = ΛG,P denote the image of the projection Λ
+
M,S → ΛG,P . Set
Λˇ+M,S = {λˇ ∈ Λˇ
+
M | there exists w ∈W such that wλˇ ∈ Λˇ
+
S }
The following identities are straightforward.
Lemma 3. We have
Λ+M,S = {λ ∈ Λ
+
M | 〈w(λ), λˇ〉 ≥ 0 for all w ∈W, λˇ ∈ Λˇ
+
S }
Λ+M,S = {λ ∈ Λ
+
M | 〈w
M
0 (λ), λˇ〉 ≥ 0 for all λˇ ∈ Λˇ
+
M,S}
Λˇ+M,S = {λˇ ∈ Λˇ
+
M | 〈w(λ), λˇ〉 ≥ 0 for all w ∈W,λ ∈ Λ
+
G,S}
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Λˇ+M,S = {λˇ ∈ Λˇ
+
M | 〈w
M
0 (λ), λˇ〉 ≥ 0 for all λ ∈ Λ
+
M,S} 
Definition 5. Let Gr+M ⊂ GrM be the closed subscheme given by the condition: (FM , β) ∈ Gr
+
M
iff for each λˇ ∈ Λˇ+M,S the map
βλˇ : U λˇFM → U
λˇ
F0M
is regular on D. Here U λˇ stands for the irreducible quotient of the Weil module U λˇ for M .
Clearly, Gr+M is a M(Oˆ)-invariant subscheme of GrM . For ν ∈ Λ
+
M one has the closed
subscheme Gr
ν
M ⊂ GrM (cf. [2], sect. 3.2). For ν ∈ Λ
+
M we have Gr
ν
M ⊂ Gr
+
M iff ν ∈ Λ
+
M,S .
Recall that for µ ∈ π1(M) the connected component Gr
µ
M of GrM classifies (FM , β) ∈ GrM
such that for λˇ ∈ ΛˇG,P we have
V λˇF0M
(−〈ν, λˇ〉) →˜ V λˇFM
For µ ∈ π1(M) set Gr
+,µ
M = Gr
+
M ∩Gr
µ
M . So, Gr
+,µ
M is nonempty iff µ ∈ π
+
1 (M). It may be
shown that Gr+,µM is connected for each µ ∈ π
+
1 (M).
Recall the following definition from ([2], sect. 4.3.1). For µ ∈ ΛG,P let S
µ
P ⊂ GrG denote the
locally closed subscheme classifying (FG, β : F
0
G |D∗ →˜FG |D∗) ∈ GrG such that the composition
LλˇF0T
(−〈µ, λˇ〉)→ LλˇF0T
→ V λˇF0G
β
→ V λˇFG
has niether pole nor zero over D for every λˇ ∈ ΛˇG,P ∩ Λˇ
+.
For each ν ∈ π1(G) the component Gr
ν
G is stratified by S
µ
P indexed by those µ ∈ ΛG,P whose
image in π1(G) is ν. Moreover, we have a natural map t
µ
S : S
µ
P → Gr
µ
M .
Lemma 4. For each µ ∈ ΛG,P the map t
µ
S : Gr
+
G ∩S
µ
P → Gr
µ
M factors through Gr
+,µ
M →֒ Gr
µ
M ,
and the induced map t+,µS : Gr
+
G ∩S
µ
P → Gr
+,µ
M is surjective.
Proof Let (FG, β : F
0
G |D∗→ FG |D∗) ∈ Gr
+
G ∩S
µ
P . So, for any λˇ ∈ ΛˇG,P ∩ Λˇ
+
LλˇF0T
(−〈µ, λˇ〉) →֒ V λˇFG
is a subbundle. There is unique (FP , β : F
0
P |D∗→ FP |D∗) ∈ GrP that induces (FG, β), and t
µ
S
sends (FG, β) to FM = FP ×P M . Since for any λˇ ∈ Λˇ
+
S the maps
βλˇ : V λˇFP →֒ V
λˇ
F0P
are regular, the first assertion is reduced to the next sublemma.
Sublemma 1. Let νˇ ∈ Λˇ+M,S. So, there exists w ∈W with wνˇ ∈ Λˇ
+
S . Let Res
P
G V
wνˇ denote V wνˇ
viewed as a P -module. There exists a subquotient V ′ of ResPG V
λˇ on which U(P ) acts trivially
and such that
HomM (U
νˇ , V ′) 6= 0 
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Let ν ∈ Λ+M,S be such that Gr
ν
M ⊂ Gr
+,µ
M . Recall the notation Oˆ = k[[t]]. Since t
+,µ
S is
M(Oˆ)-invariant, it suffices to show that ν(t) ∈ Gr+,µM lies in the image of t
+,µ
S . We know that
there exists w ∈ W with wν ∈ Λ+G,S. Therefore, ν(t)G(Oˆ) defines a point of Gr
+
G ∩S
µ
P which is
sent by t+,µS to ν(t) ∈ Gr
+,µ
M .
(Lemma 4)
Note as a consequence that for each ν ∈ π+1 (G) the scheme Gr
+,ν
G is stratified by locally
closed subschemes Gr+,νG ∩S
µ
P indexed by those µ ∈ π
+
1 (M) whose image in π1(G) is ν.
For d ≥ 0 write Λ+,dθM,S for the preimage of dθ under Λ
+
M,S → π
+
1 (G).
Lemma 5. For any λ ∈ Λ+,dθM,S there exist λ1, . . . , λd ∈ Λ
+,θ
M,S such that λ ≤M
λ1 + . . .+ λd.
Proof Pick any k-point (FM , β) of Gr
λ
M . Let µ be the image of λ in π
+
1 (M). Pick any k-
point (FG, β) of Gr
+,d
G ∩S
µ
P whose t
+,µ
S -image is (FM , β). Let Gr
γ
G ×˜ . . . ×˜Gr
γ
G be the scheme
classifying collections
(F1G, . . . ,F
d+1
G = F
0
G, βi), (11)
where F iG is a G-bundle on D, and β
i : F iG |D∗ →˜F
i+1
G |D∗ is an isomorphism such that F
i
G is
in the position γ with respect to F i+1G for i = 1, . . . , d.
Pick a k-point (11) whose image under the convolution map
GrγG ×˜ . . . ×˜Gr
γ
G → Gr
dγ
G ,
is (FG, β). There exist a unique collection
(F1P , . . . ,F
d
P ,F
d+1
P = F
0
P , βi),
where F iP is a P -torsor on D and βi : F
i
P |X−xi →˜F
i+1
P |X−xi , that induces (11) by extension of
scalars from P to G. Extending the scalars from P to M , one gets a collection
(F1M , . . . ,F
d
M ,F
d+1
M = F
0
M , βi)
where F1M = FM . For i = 1, . . . , d let λi ∈ Λ
+
M be such that F
i
M is in the position λi with
respect to F i+1M . By Lemma 4, λi ∈ Λ
+,θ
M,S for all i. Let
Grλ1M ×˜ . . . ×˜Gr
λd
M
be the scheme classifying (F1M , . . . ,F
d+1
M = F
0
M , β
i), where F iM is a M -torsor on D and β
i :
F iM |D∗ →˜F
i+1
M |D∗ is an isomorphism such that F
i
M is in the position λi with respect to F
i+1
M
for i = 1, . . . , d. We learn that (FM , β) lies in the image of the convolution map
Grλ1M ×˜ . . . ×˜Gr
λd
M → Gr
+,µ
M
But the image of the latter map is contained in Gr
λ1+...+λd
M , so Gr
λ
M ⊂ Gr
λ1+...+λd
M . 
Denote by πθ1(M) the image of Λ
+,θ
M,S → π
+
1 (M). By the above lemma, π
θ
1(M) generates
π+1 (M) as a semigroup. Since V
γ is faithful, πθ1(M) generates π1(M) as a group.
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Lemma 6. 1) Each λ ∈ Λ+,θM,S is a minuscule dominant coweight for M .
2) The natural map Λ+,θM,S → π
θ
1(M) is bijective.
Proof 1) For λ ∈ Λ+,θM,S we have HomM (U
λ, V γ) 6= 0. Let λ′ ∈ Λ+M and λ
′
≤
M
λ. Then λ′ is a
weight of V γ , so that λ′ = wγ for some w ∈ W , and λ = wγ + α, where α is a sum of positive
coroots for M . However, if α 6= 0 then the length of λ is strictly bigger than the length of γ,
which implies that λ is not a weight of V γ . This contradiction shows that λ′ = λ.
2) follows from 1). 
4.2 For d ≥ 0 consider the stack
H+,dG ×BunG BunP , (12)
where we used the projection q : H+,dG → BunG in the fibred product.
For µ ∈ ΛG,P let H
+,µ
P be the locally closed substack of (12) classifying
(D ∈ X(d),FG,F
′
P , β : FG |X−D →˜F
′
G |X−D, F
′
P ×P G →˜F
′
G)
for which there exists a ΛG,P -valued divisor D
µ on X of degree µ with the property: for all
λˇ ∈ ΛˇG,P ∩ Λˇ
+ the meromorphic maps
LλˇF ′
M/[M,M]
→ V λˇF ′G
→ V λˇFG
realise LλˇF ′
M/[M,M]
as a subundle of V λˇFG(〈D
µ, λˇ〉). Here we have denoted F ′M = F
′
P ×P M .
Clearly, we have 〈Dµ, ωˇ0〉 = D and 〈D
µ, ωˇi〉 ≥ 0 for i ∈ I − IM . Let Di = 〈D
µ, ωˇi〉 for
i ∈ I − IM then we have an equality of π1(M)-valued divisors on X
Dµ = w0(γ)D +
∑
i∈I−IM
Diαi
By Lemma 4, H+,µP is non empty iff µ ∈ π
+
1 (M) and actually D
µ is a π+1 (M)-valued divisor
on X. So, for each d ≥ 0 the stack (12) is stratified by locally closed substacks H+,µP indexed by
those µ ∈ π+1 (M) whose image in π1(G) is dθ.
For µ ∈ π+1 (M) let d = 〈µ, ωˇ0〉 and di = 〈µ, ωˇi〉 for i ∈ I−IM and let X
µ
M denote the scheme
image of the projection
H+,µP → X
(d) ×
∏
i∈I−IM
X(di)
We will think of XµM as the moduli scheme of π
+
1 (M)-valued divisors on X of degree µ. As we
will see, XµM need not be irreducible. For µ ∈ π
+
1 (M) we have a commutative diagram
H+,µP →֒ H
+,d
G ×BunG BunP
↓ suppP ↓
XµM
sM→ X(d),
where we have denoted by suppP and sM the natural projections.
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Definition 6. For µ ∈ π+1 (M) let H
+,µ
M be the stack of collections (FM ,F
′
M ,D
µ ∈ XµM , β),
where FM ,F
′
M ∈ BunM and
β : FM |X−D →˜F
′
M |X−D
is an isomorphism of M -torsors with D = sM(D
µ) such that for each λˇ ∈ Λˇ+M,S the map
βλˇ : U λˇFM →֒ U
λˇ
F ′M
extends to an inclusion of coherent sheaves on X, and
LλˇFM/[M,M](〈D
µ, λˇ〉) →˜LλˇF ′
M/[M,M]
for each λˇ ∈ ΛˇG,P .
We have a diagram
BunM
pM← H+,µM
qM→ BunM
↓ suppM
XµM
where pM (resp., qM ) sends a point of H
+,µ
M to FM (resp., to F
′
M ), and suppM stands for the
projection. If (F ′M ,D
µ =
∑
k µkxk) is a k-point of BunM ×X
µ
M then the fibre of
qM × suppM : H
+,µ
M → BunM ×X
µ
M
over it identifies with
∏
kGr
+,µk
M .
4.3 Given µ ∈ π+1 (M), we will denote by A(µ) the elements of the set of decompositions of µ
as a sum of non-zero elements of π+1 (M). More precisely, A(µ) is a way to write µ =
∑
k nkµk,
where all nk > 0 and µk ∈ π
+
1 (M)− {0} are pairwise distinct.
For A(µ) we set XA(µ) =
∏
kX
(nk). We have a natural map sA(µ) : XA(µ) → XµM sending
{Dk} to
∑
k µkDk. Let X˘
A(µ) ⊂ XA(µ) be the complement to all diagonals. The composition
X˘A(µ) →֒ XA(µ) → XµM
is a locally closed embedding, and in this way XµM is stratified by subschemes X˘
A(µ).
We say that A(µ) is in general position if
∑
k nk = d. Write
rssXµM for the preimage of
rssX(d)
under sM : X
µ
M → X
(d). The connected components of rssXµM are exactly X˘
A(µ) indexed by
A(µ) in general position.
Definition 7. Given a local system W on X, for each µ ∈ π+1 (M) define Laumon’s sheaf L
µ
W
on H+,µM as follows. Recall the diagram
H+,µM
suppM→ XµM
sM→ X(d)
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Let rssH+,µM be the preimage of
rssX(d) under sM ◦ suppM . The stack
rssH+,µM is smooth and
over it we let
LµW = supp
∗
M s
∗
MW
(d)[a](
a
2
),
where a denotes the dimension of the corresponding connected component of rssH+,µM . Then we
extend this perverse sheaf by Goresky-MacPherson to H+,µM .
By definition, D(LµW )→˜L
µ
W ∗, and L
µ
W →˜ ⊕L
A(µ)
W is a direct sum of perverse sheaves indexed
by A(µ) in general position. Set dM = dimBunM .
For µ ∈ π+1 (M) whose image in π1(G) is dθ consider the diagram
H+,µM ×BunM BunP
qM← H+,µP
fM→ H+,dG
where we used qM : H
+,µ
M → BunM in the fibred product, fM is the natural map, and qM sends
(FP ,F
′
P ,D
µ, β) to (FM ,F
′
P ,D
µ, F ′P ×P M →˜F
′
M , β). We also have
H+,µM ×BunM BunP
pM
← H+,µP
fM
→ H+,dG ,
where now we used pM : H
+,µ
M → BunM in the fibred product, and pM sends (FP ,F
′
P ,D
µ, β) to
(F ′M ,FP ,D
µ, FP ×P M →˜FM , β).
Here is a generalization of Laumon’s theorem ([10], Theorem 4.1).
Proposition 8. Let W be a local system on X. Let µ ∈ π+1 (M) with image dθ in π
+
1 (G). The
complex qM !f
∗
ML
d
W is canonically isomorphic to the inverse image of
LµW ⊗ Q¯ℓ[1](
1
2
)⊗dG−dM+〈µ, 2ρˇM−2ρˇ〉
under the projection H+,µM ×BunM BunP → H
+,µ
M . (We have used the fact that ρˇM − ρˇ ∈ ΛˇG,P ).
The complex pM !f
∗
ML
d
W is canonically isomorphic to the inverse image of
LµW ⊗ Q¯ℓ[1](
1
2
)⊗dG−dM−〈µ, 2ρˇM−2ρˇ〉
under the projection H+,µM ×BunM BunP →H
+,µ
M .
The proof is given in Sections 4.4-4.5.
4.4 Let J = {i ∈ I | 〈γ, αˇi〉 = 0}. Let WJ ⊂ W be the subgroup generated by the reflection
corresponding to i ∈ J . Using Bruhat decomposition, one checks that the map W/WJ → Wγ
sending w to wγ is a bijection.
Fix a section T → B. Let Pγ denote the parabolic of G generated by T and Uαˇ for
all roots αˇ such that 〈γ, αˇ〉 ≤ 0. So, Pγ contains the opposite Borel. We have a bijection
Λ+,θM,S →˜WM\W/WJ sending wγ ∈ Λ
+,θ
M,S to the coset WMwWJ .
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The map G/Pγ → Gr
γ
G sending g ∈ G(k) ⊂ G(Oˆ) to gγ(t)G(Oˆ) is an isomorphism. The
scheme GrγG is stratified by Gr
γ
G ∩S
λ
P indexed by λ ∈ Λ
+,θ
M,S. The above isomorphism transforms
this stratification into the stratification of G/Pγ by P -orbits. We have a disjoint decomposition
G = ⊔
w∈WM\W/WJ
PwPγ
So, we have
GrγG ∩S
λ
P →˜ PwPγ/Pγ →˜ P/P ∩ wPγw
−1
Similarly, for λ ∈ Λ+,θM,S let Pλ(M) be the parabolic of M generated by T and Uαˇ, where αˇ
runs through those roots of M for which 〈λ, αˇ〉 ≤ 0. Then the map M/Pλ(M) → Gr
λ
M sending
m ∈M(k) to mλ(t)M(Oˆ) is an isomorphism. So, the map
GrγG ∩S
wγ
P → Gr
wγ
M (13)
is nothing else but the map P/P ∩wPγw
−1 →M/Pwγ(M) sending p to p modM . The correct-
ness is due to
Lemma 7. We have Pwγ(M) =M ∩ wPγw
−1.
Proof The inclusion Pwγ(M) ⊂ M ∩ wPγw
−1 follows from definitions. Further, M ∩ wPγw
−1
contains the opposite Borel ofM , hence is a parabolic subgroup ofM (in particular, connected).
The assertion follows now from: for a root αˇ of M we have Uαˇ ⊂ Pwγ(M) if and only if
Uαˇ ⊂M ∩ wPγw
−1. 
We see that U(P ) acts transitively on the fibres of (13). So, (13) is a fibration with fibre
isomorphic to an affine space of dimension 〈γ + wγ, ρˇ〉 − 〈wγ, 2ρˇM 〉.
Remark 2. For wγ ∈ Λ+M one can calculate the dimension of Gr
γ
G ∩S
wγ
P as follows. Stratify it
by B-orbits, that is, by the schemes GrγG ∩S
w1wγ with w1 ∈WM . Then Gr
γ
G ∩S
w1wγ is an affine
space of dimension 〈γ + w1wγ, ρˇ〉. The maximum of these numbers, as w1 ranges through WM
is 〈γ + wγ, ρˇ〉.
4.5 Consider a collection µ˜ = (µ1, . . . , µd) with µ = µ1 + . . .+ µd and µi ∈ π
θ
1(M). Let H
+,µ˜
M be
the stack of collections
(F1M , . . . ,F
d+1
M , x1, . . . , xd ∈ X,β
i), (14)
where βi : F iM |X−xi →˜F
i+1
M |X−xi is an isomorphism such that (F
i
M ,F
i+1
M , β
i, xi) ∈ H
+,µi
M for
i = 1, . . . , d.
If we denote by λi the element of Λ
+,θ
M,S that maps to µi then F
i
M is in the position λi with
respect to F i+1M at xi. We have a convolution map
convµ˜ : H+,µ˜M →H
+,µ
M
sending (14) to (F1M ,F
d+1
M , β,D
µ), where Dµ =
∑
i µixi and β : F
1
M |X−D →˜F
d+1
M |X−D with
D = sM (D
µ).
Denote by sµ˜ : H+,µ˜M → X
d the map sending (14) to (x1, . . . , xd). From (Lemma 9.3, [14])
one derives
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Lemma 8. i) The map convµ˜ is representable, proper and small over its image. Besides, the
perverse sheaf
convµ˜! (s
µ˜)∗W⊠d[a](
a
2
) (15)
is the Goresky-MacPherson extension from rssH+,µM . Here a = dimH
+,µ˜
M .
ii) The d-tuple µ˜ gives rise to A(µ) in general position, say µ =
∑
k nkνk. The group
∏
k Snk
acts naturally on (15), and the sheaf of
∏
k Snk-invariants is canonically isomorphic to the direct
summand of LµW corresponding to A(µ). 
Remark 3. From Lemma 8 it follows that for any µ ∈ π+1 (M) the complex L
µ
W is ULA with
respect to both projections pM , qM : H
+,µ
M → BunM .
Proof of Proposition 8
1) Consider the diagram
H+,µP
qM→ H+,µM ×BunM BunP
ց qP×suppP ↓
BunP ×X
µ
M
For any k-point of BunP ×X
µ
M given by (F
′
P , D
µ =
∑
k µkxk), where xk are pairwise distinct,
over (F ′P ,D
µ =
∑
k µkxk) the map qM becomes the product∏
k
Gr+G ∩S
µk
P →
∏
k
Gr+,µkM
of the maps t+,µkS . In particular, qM is surjective.
Let A(µ) in general position be given by µ =
∑
k nkµk. Let U ⊂
rssH+,µM be the preimage of
the corresponding connected component of rssXµM . Over the open substack U ×BunM BunP , the
map qM is a fibration with fibre isomorphic to an affine space of dimension
a(A(µ))
def
= 〈dγ, ρˇ〉+
∑
k
〈nkλk, ρˇ− 2ρˇM 〉,
where λk ∈ Λ
+,θ
M,S maps to µk ∈ π
θ
1(M).
The restriction of f∗ML
d
W to q
∗
M(U×BunM BunP ) comes from
rssX(d). So, over U×BunMBunP ,
we get the desired isomorphism. Now it suffices to show that, up to a shift, qM !f
∗
MSpr
d
W is a
perverse sheaf, the Goresky-MacPherson extension from rssH+,µM ×BunM BunP .
For a d-tuple µ˜ = (µ1, . . . , µd) with µ = µ1+ . . .+µd and µi ∈ π
θ
1(M), let H
+,µ˜
P be the stack
of collections
(F1P , . . . ,F
d+1
P , x1, . . . , xd, β
i), (16)
where xi ∈ X and (F
i
P ,F
i+1
P , xi, β
i) ∈ H+,µiP for i = 1, . . . , d. The stack
H+,µP ×(H+,dG ×BunGBunP )
(H˜+,dG ×BunG BunP )
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is stratified by locally closed substacks H+,µ˜P indexed by such tuples µ˜.
We have a diagram
X(d)
sµ˜
← H+,µ˜P
α
→H+,µ˜M ×BunM BunP →H
+,µ
M ×BunM BunP ,
where α sends (16) to (F1M , . . . ,F
d
M ,F
d+1
P , x1, . . . , xd, β
i) with F iM = F
i
P ×P M , and the last
map is convµ˜× id. It suffices to show that for each µ˜ as above,
(convµ˜× id)!α!(s
µ˜)∗W (d)
is a perverse sheaf (up to a shift), the Goresky-MacPherson extension from rssH+,µM ×BunM
BunP . Since α is a composition of affine fibrations, our statement about qM !f
∗
ML
d
W follows from
Lemma 8, i).
2) Applying 1) to the 1-admissible data {−w0(γ)}, one gets the formula for pM !f
∗
ML
d
W . 
4.6.1 Averaging functors for Levi subgroups
Recall for any µ ∈ π+1 (M) the diagram BunM
pM← H+,µM
qM→ BunM . For a local system W on X
denote by AvµW : D(BunM )→ D(BunM ) the functor
AvµW (K) = (qM )!(p
∗
MK ⊗ L
µ
W )[−dM ](
−dM
2
)
Let also Av−µW : D(BunM )→ D(BunM ) be given by
Av−µW (K) = (pM )!(q
∗
MK ⊗L
µ
W )[−dM ](
−dM
2
)
By Remark 3, we have D ◦ AvµW →˜Av
µ
W ∗ ◦D and D ◦Av
−µ
W →˜Av
−µ
W ∗ ◦D naturally.
The proof of the following result is completely analogous to that of Proposition 3.
Proposition 9. Let µ ∈ π+1 (M). Let A(µ) in general position be given by µ =
∑
k nkµk. Recall
the map sA(µ) : XA(µ) → XµM (cf. sect. 4.3). Let λk ∈ Λ
+,θ
M,S be the element that maps to
µk ∈ π
θ
1(M). Let W be any local system on X. Let E be a Mˇ -local system on X, K be E-Hecke
eigensheaf on BunM . Then for the diagram
BunM
pM
← H+,µM
qM×suppM→ BunM ×X
µ
M
there is a canonical isomorphism
(qM × suppM )!(p
∗
MK ⊗ L
A(µ)
W )[−dM ](
−dM
2
) →˜ K ⊠ s
A(µ)
! (⊠k
(W ⊗ UλkE )
(nk))[d](
d
2
) 
Corolary 3. For each standard proper parabolic P of G there exists a constant c(P ) with the
following property. Let E be any Mˇ -local system E on X, K be a E-Hecke eigensheaf on BunM .
Let W be an irreducible local system on X of rank r = dimV γ . For any µ ∈ π+1 (M) whose
image in π1(G) is dθ with d > c(P ) we have Av
µ
W (K) = 0.
24
Proof The functor AvµW = ⊕Av
A(µ)
W is a direct sum of functors indexed by A(µ) in general
position. In the notation of Proposition 9, we have
Av
A(µ)
W (K) →˜K ⊗ (⊗
k
Symnk RΓ(X,W ⊗ UλkE ))[d](
d
2
) (17)
Here d =
∑
nk, and k runs through the finite set π
θ
1(M). For d large enough at least one of nk
will satisfy nk > r(2g − 2) dimU
λk , and the RHS of (17) will vanish. 
Generalizing the Vanishing Conjecture of Frenkel, Gaitsgory and Vilonen ([4]), we suggest
Conjecture 4. Let W be an irreducible local system on X of rank r = dimV γ. Assume that P
is a standard proper parabolic of G. Then for all µ ∈ π+1 (M) whose image in π1(G) equals dθ
with d > c(P ), the functor AvµW vanishes identically.
4.6.2 Consider the diagram BunG
αP← BunP
βP→ BunM , where αP and βP are natural maps. The
constant term functor CTP : D(BunG)→ D(BunM ) is defined by CTP (K) = βP !α
∗
P (K).
The following is a generalization of Lemma 9.8,[4].
Lemma 9. Let W be any local system on X. For any K ∈ D(BunG) and d ≥ 0 the complex
CTP ◦Av
d
W (K) ∈ D(BunM ) has a canonical filtration by complexes
AvµW ◦CTP (K)⊗ Q¯ℓ[1](
1
2
)⊗〈µ, 2ρˇ−2ρˇM 〉 (18)
indexed by those µ ∈ π+1 (M) whose image in π1(G) is dθ.
Proof Consider the stack H+,dG ×BunG BunP , where we used q : H
+,d
G → BunG in the fibred
product. The complex CTP ◦Av
d
W (K) is the direct image with respect to the natural map
H+,dG ×BunG BunP → BunM (19)
Recall that H+,dG ×BunG BunP is stratified by locally closed substacks H
+,µ
P indexed by those
µ ∈ π+1 (M) whose image in π1(G) is dθ. This gives a filtration on CTP ◦Av
d
W (K).
The restriction of the map (19) to the strutum H+,µP can be written as a composition
H+,µP
pM→ H+,µM ×BunM BunP → BunM
So, by Proposition 8, the contribution of the stratum H+,µP to the direct image in question is
exactly (18). 
Corolary 4. Assume that Conjecture 4 holds. Then
1) Let d satisfy d > c(P ) for any standard proper parabolic of G. Then for any K ∈ D(BunG)
and any irreducible local system W on X of rank r = dimV γ the complex AvdW (K) is cuspidal.
2) Let E be Gˇ-local system on X and K be a E-Hecke eigensheaf on BunG. If V
γ
E is irreducible
then K is cuspidal.
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Proof 1) is clear.
2) The argument given in ([4], Theorem 9.2) applies in our setting. Namely, pick d such that
d > c(P ) for any standard proper parabolic of G. Set W = (V γE )
∗. By Proposition 3,
CTP ◦Av
d
W (K) →˜ CTP (K)⊗ RΓ(X
(d), (W ⊗ V γE )
(d))[d](
d
2
)
The LHS vanishes by Lemma 9. Since RΓ(X(d), (W ⊗ V γE )
(d)) is not zero, CTP (K) = 0. 
Remark 4. For G = GLn Conjecture 4 is proved by D. Gaitsgory ([5]). For G = GSp4 (example
2 in the appendix) Conjecture 4 also holds, it is easily reduced to the result of loc.cit. for GL2.
So, for G = GSp4 Corolary 4 is unconditional.
Appendix. 1-Admissible groups
Definition 8. Let H be a connected, semi-simple and simply-connected group (over k). Assume
that the center Z(H) is cyclic of order h and fix an isomorphism z : µh→˜Z(H). Assume that
the characteristic of k does not divide h. Denote by G the quotient of H×Gm by the diagonally
embedded µh. Call a reductive group G over k 1-admissible, if it is obtained in this way.
Let H be a connected, semi-simple and simply-connected group (over k). Let TH be a
maximal torus of H. Write ΛˇH (resp., ΛH) for the weight (resp., coweight) lattice of TH . Let
QˇH ⊂ ΛˇH be the root lattice. Set
QH = {λ ∈ ΛH ⊗Q | 〈λ, λˇ〉 ∈ Z for any λˇ ∈ QˇH}
We have a natural pairing ΛˇH/QˇH ×QH/ΛH → (
1
hZ)/Z. Therefore, any isomorphism
τ : QH/ΛH →˜ (
1
h
Z)/Z
yields an isomorphism τˇ : ΛˇH/QˇH →˜Z/hZ. Since the characteristic of k does not divide h,
Hom(Z(H), k∗) →˜ ΛˇH/QˇH canonically. So, τˇ yields z : µh→˜Z(H) such that for x ∈ µh, λˇ ∈ ΛˇH
we have
λˇ(z(x)) = xτˇ(λˇ)
So, τ gives rise to a 1-admissible group G = (H ×Gm)/µh.
For the maximal torus T = (TH ×Gm)/µh in G the weight lattice is
Λˇ = {(λˇ, a) ∈ ΛˇH × Z | τˇ(λˇ) + a = 0 mod h}
and the coweight lattice is
Λ = {(λ, b) ∈ QH × (
1
h
Z) | τ(λ)− b ∈ Z}
It is understood that the pairing Λ×Λˇ→ Z sends (λ, b), (λˇ, a) to 〈λ, λˇ〉+ab. The map (λ, b) 7→ b
yields an isomorphism π1(G) →˜Λ/ΛH →˜
1
hZ. Note also that π1(Gˇ) →˜ Λˇ/QˇH →˜Z.
The next result follows from definitions.
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Lemma 10. Let γH ∈ QH be a dominant coweight for Had = H/Z(H). Assume that
• either γH is minuscule or (H = 1 and γH = 0);
• γH generates QH/ΛH ;
• the irreducible representation V γH of (Had)ˇ is faithful.
Let τ : QH/ΛH →˜ (
1
hZ)/Z be the isomorphism sending γH to
1
h , and G be the corresponding
1-admissible group. Set γ = (γH ,
1
h) ∈ Λ. Then {γ} is a 1-admissible datum for G. 
Examples of 1-admissible data
The examples below are produced using Lemma 10.
1. The case G = GLn. In the standard notation Λ = Z
n, Λˇ = Zn. For 1 ≤ i < n take
ωˇi = (1, . . . , 1, 0, . . . , 0) where 1 appears i times, and ωˇ0 = (1, . . . , 1). All the conditions are
satisfied and γ = (1, 0, . . . , 0).
Let γi = (1, . . . , 1, 0, . . . , 0) ∈ Λ, where 1 appears i times. Then Λ
+
G,S is the Z+-span
of γ1, γ2, . . . , γn. So, Λ
+
G,S →˜ (Z+)
n. The element ω = γn generates the group of coweights
orthogonal to all roots.
Remark 5. This particular choice of γH yields a construction of an automorphic sheaf proposed
by Laumon in [9]. However, all fundamental coweights for Had = PSLn are minuscule, and a
choice of γH here is equivalent to a choice of a generator of the cyclic group π1(Had). If γH
is a fundamental coweight corresponding to a simple root which is not one of two edges of the
Dynkin diagram An−1 then the corresponding 1-admissible group G is not isomorphic to GLn.
2. The case G = GSp2n, n ≥ 1. The group G is a quotient of Gm × Sp2n by the diagonally
embedded {±1}. Realise G as the subgroup of GL(k2n) preserving up to a scalar the bilinear
form given by the matrix (
0 En
−En 0
)
,
where En is the unit matrix of GLn.
The maximal torus T of G is {(y1, . . . , y2n) | yiyn+i does not depend on i}. Let ǫˇi ∈ Λˇ be
the caracter that sends a point of T to yi. The roots are
Rˇ = {±αˇij (i < j ∈ 1, . . . , n), ±βˇij (i ≤ j ∈ 1, . . . , n)},
where αˇij = ǫˇi − ǫˇj and βˇij = ǫˇi − ǫˇn+j.
We have Λ = {(a1, . . . , a2n) | ai + an+i does not depend on i}. The weight latice is
Λˇ = Z2n/{ǫˇi + ǫˇn+i − ǫˇj − ǫˇn+j , i < j}
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Let ei denote the standard basis of Z
2n. The coroots are
R = {±αij (i < j ∈ 1, . . . , n), ±βij (i ≤ j ∈ 1, . . . , n)},
where βij = ei+ej−en+i−en+j for i < j and βii = ei−en+i. Besides, αij = ei+en+j−ej−en+i.
Fix positive roots
Rˇ+ = {αˇij (i < j ∈ 1, . . . , n), βˇij (i ≤ j ∈ 1, . . . , n)}
Then the simple roots are αˇ12, . . . , αˇn−1,n and βˇn,n.
For 1 ≤ i < n pick the fundamental weight ωˇi corresponding to the simple coroot αi,i+1
to be ωˇi = (1, . . . , 1, 0 . . . , 0), where 1 appears i times, and 0 appears 2n − i times. Let the
fundamental weight ωˇn corresponding to βn,n be ωˇn = (1, . . . , 1, 0, . . . , 0), where 1 appears n
times. The orthogonal to the coroot latice is the subgroup Zωˇ0 with ωˇ0 = (1, 0, . . . , 0; 1, 0, . . . , 0).
All our conditions are satisfied and γ = (1, . . . , 1; 0, . . . , 0) (here 1 appears n times).
For 1 ≤ i < n let γi = (2, . . . , 2, 1, . . . , 1; 0, . . . , 0, 1, . . . , 1), where 2 appears i times then
1 appears n − i times then 0 appears i times and finally 1 appears n − i times. The element
ω = (1, . . . , 1) ∈ Λ generates the group of coweights orthogonal to all roots. The semigroup
Λ+G,S is the Z+-span of γ, γ1, . . . , γn−1, ω. In fact, these n+ 1 elements are linearly independent
in Λ, so Λ+G,S →˜ (Z+)
n+1.
Note that V γ is the spinor representation of Gˇ →˜ GSpin2n+1 of dimension 2
n. We have
V γ ⊗ V γ→˜V 2γ ⊕ V ω ⊕
n−1∑
i=1
V γi
and dimV γ1 = 2n+1. Besides, ∧iV γ1 →˜V γi+(i−1)ω for i = 1, . . . , n−1 and ∧nV γ1 →˜V 2γ+(n−1)ω.
There is an exact sequence 1→ Gm → Gˇ → SO2n+1 → 1, and V
γ1−ω comes from the standard
representation of SO2n+1.
3. The case G = GSpin2n+1, n ≥ 1. The group G is the quotient of Gm × Spin2n+1 by
the diagonally embedded {±1}. We have Gˇ →˜ GSp2n, the root data for G is dual to that of
example 2. Interchanging the role of objects and coobjects in example 2, we get
Λ = Z2n/{ǫi + ǫn+i − ǫj − ǫn+j , i < j}
where (ǫi) is the standard basis of Z
2n. The weight lattice is
Λˇ = {(a1, . . . , a2n) ∈ Z
2n | ai + an+i does not depend on i}
Define ωˇi as follows. For 1 ≤ i < n let
ωˇi = (2, . . . , 2, 1, . . . , 1; 0, . . . , 0, 1, . . . , 1) ∈ Λˇ
where 2 appears i times then 1 appears n− i times then 0 appears i times and finally 1 appears
n− i times. Let ωˇn = (1, . . . , 1; 0, . . . , 0) where 1 appears n times. Let ωˇ0 = (1, . . . , 1).
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All the conditions are satisfied and γ = (1, 0, . . . , 0) ∈ Λ.
For 1 ≤ i ≤ n let γi = (1, . . . , 1, 0, . . . , 0) ∈ Λ, where 1 appears i times and 0 appears 2n− i
times. The group of coweights orthogonal to all roots is Zω with ω = (1, 0, . . . , 0; 1, 0, . . . , 0), here
1 appears on the first and (n+1)-th places. The semigroup Λ+G,S is the Z+-span of γ1, . . . , γn, ω.
These n+ 1 elements are linearly independent in Λ, so Λ+G,S →˜ (Z+)
n+1.
We have ∧2V γ = V γ2 ⊕ V ω. To assure condition (A) of Conjecture 1, it suffices to require
that V γE is irreducible and V
γ2
E has no local subsystems of rank one.
4. The case H = Spin2n, n ≥ 3 odd. We have
ΛˇH = {(a1, . . . , an) ∈ (
1
2
Z)n | ai − aj ∈ Z}
and ΛH = {(a1, . . . , an) ∈ Z
n | a1 + . . .+ an is even}. The roots are
Rˇ = {±αˇij ,±βˇij (1 ≤ i < j ≤ n)}
with αˇij = eˇi − eˇj and βˇij = eˇi + eˇj . The coroots are
R = {±αij ,±βij (1 ≤ i < j ≤ n)}
with αij = ei − ej and βij = ei + ej . Pick positive roots Rˇ = {αˇij , βˇij (1 ≤ i < j ≤ n)}. Then
simple roots are
αˇ12, . . . , αˇn−1,n, βˇn−1,n
We have QˇH = {(a1, . . . , an) ∈ Z
n | a1 + . . .+ an is even},
QH = {(a1, . . . , an) ∈ (
1
2
Z)n | ai − aj ∈ Z}
There are two possible choices for γH , namely γH = (
1
2 , . . . ,
1
2 ) or γH = (
1
2 , . . . ,
1
2 ,−
1
2), the
fundamental coweights corresponding to βˇn−1,n or to αˇn−1,n respectively.
5. The case E6. So, H is the simply-connected group corresponding to E6 root system. There
are two possible choices for γH , namely ω1 or ω6, the fundamental coweights corresponding to
the simple roots αˇ1 and αˇ6 in the Bourbaki table ([1], Ch. 6, no. 4.12, p.219).
6. The case E7. So, H is the simply-connected group corresponding to E7 root system. Take
γH to be the fundamental coweight ω7 corresponding to the root αˇ7 in the Bourbaki table ([1],
Ch. 6, no. 4.11, p. 217).
References
[1] N. Bourbaki, Groupes et alge`bres de Lie, E´le´ments de Mathematique, chapitres 4,5 et 6,
Masson (1981)
29
[2] A. Braverman, D. Gaitsgory, Geometric Eisenstein series, math.AG/9912097
[3] E. Frenkel, D. Gaitsgory, K. Vilonen, Whittaker patterns in the geometry of moduli spaces
of bundles on curves. Ann. of Math. (2) 153 (2001), no. 3, 699–748.
[4] E. Frenkel, D. Gaitsgory, K. Vilonen, On the geometric Langlands conjecture. J. Amer.
Math. Soc. 15 (2002), no. 2, 367–417
[5] D. Gaitsgory, On a vanishing conjecture appearing in the geometric Langlands correspon-
dence, math.AG/0204081
[6] D. Ginzburg, S. Rallis, D. Soudry, Self-dual automorphic GLn-modules and construction of
a backward lifting from GLn to classical groups, IMRN, no.14 (1997), p. 687-701.
[7] D. Ginzburg, S. Rallis, D. Soudry, On explicit lifts of cusp forms from GLm to classical
groups, Ann. of Math. 150 (1999), p. 807-866.
[8] L. Lafforgue, Chtoucas de Drinfeld et correspondance de Langlands, pre´publication 2000-62,
Universite´ Paris-Sud.
[9] G. Laumon, Correspondance de Langlands ge´ome´trique pour les corps de fonctions, Duke
Math. J., vol. 54, No. 2 (1987) p. 309-359
[10] G. Laumon, Faisceaux automorphes pour GL(n): la premiere construction de Drinfeld,
alg-geom/9511004
[11] S. Lysenko, Local geometrized Rankin-Selberg method for GL(n), Duke Math. J. 111 (2002),
no. 3, 451–493.
[12] S. Lysenko, Orthogonality relations between automorphic sheaves attached to irreducible
local systems of rank 2 on a curve, PhD thesis, Universite´ Paris-Sud (1999)
[13] C. Mœglin, J.-L. Waldspurger, Spectral decomposition and Eisenstein series. Une para-
phrase de l’E´criture. Cambridge Tracts in Mathematics, 113. Cambridge University Press,
Cambridge, 1995.
[14] B.C. Ngo, P. Polo, Re´solutions de Demazure affines et formule de Casselman-Shalika
ge´ome´trique, mathAG/0005022
[15] D. Soudry, Rankin-Selberg convolutions for SO2l+1×GLn: local theory, Memoirs AMS
no. 500, v. 105 (1993)
30
